FOURIER SERIES AND MEAN MODULI OF
CONTINUITY*

BY
OTTO SZASZ

1. Introduction. Let f(f) be a real-valued function of the real variable 0,
of period 2w, and let f(f)eL.t We consider the formal Fourier series of f(6)
and write

f(8) ~ 2 caei™ ~ag/2 + D, (an cos 78 + b, sin #b),
(1.1) ":‘“ i e
Cn = Z_f f(Demintdr = L(an — iby), Cn =y . =10,1,2,--+ .
TJ_x

We denote by Lip («) the class of functions satisfying the condition
Lip (a) |16+ 0 — 16| < K| ¢t]e,

where o >0 and K =K is a constant depending on f.
In 1914, S. Bernstein [1, 2]} proved the following result:
If f(8) eLip (o), @>1/2, then 3| ¢.| < o ; for @ <1/2 this is no longer true.
This result was generalized by the writer [12] in two directions:
1. The class Lip («) was replaced by the more general class

x 1/2
Lips (e; 2) {%f [f(6 + 2¢) + f(6 — 2¢) — 2f(0)]2d0} < Kt*, t>0.

2. The exponent of convergence of the sequence of Fourier coefficients
{c.} of a function of class Lips (a; 2) was determined, that is, the small-
est constant £ such that J_|c.|**< o for all €>0. It was proved that
k=2/(2a+41) for 0<a =1 and that there exist functions in Lip, («; 2) such
that )| c,|¥ @ = oo,

In a later paper [14] these results were extended to more general classes,

1 r 1/p
Lip; (a; p) {Zf_ | 76 + 26) + f(6 — 28) — 2(6) |pd0} < Kt=,

t>0,0<a=<1,1<p=2.

* Presented to the Society, December 31, 1936; received by the editors December 29, 1936.

The author is indebted to Professor J. D. Tamarkin for many valuable suggestions in the process
of writing this paper.

t That is, f(6) is integrable in the sense of Lebesgue. In general, by L? we denote the class of
functions measurable and such that | f(6)|7eL.

1 Numbers in brackets refer to the bibliography at the end of this paper.
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FOURIER SERIES 367

For functions of this class, the exponent of convergence of the sequence {c.}
was found to be k=p/(ap+p—1) and it was proved that there exist func-
tions in Lip: (; p) such that Y | c.|*= .

In an earlier paper Hardy and Littlewood [5] found the same value for %
for the class

1 T 1/p
Uips 59 {5 [ [0+ = o= |san} < Kee, 130,

under the restrictive assumption ap >1.*
Let f(6) be continuous and of period 27. The modulus of continuity of
f(6) is defined by

(1.2) €(f;) = &(0) = max max | 76 + 0 — 76) .

=

In 1934, S. Bernstein [3] generalized his result as follows:

If 3 n2(1/n) < then Y. |c.| <. Conversely let n(5) be a positive
function such that #(8)6—= is increasing in § for sufficiently small positive
values of «, and decreasing for some o< 1. If in addition D_, #~2p(1/n) = =
then there exists a continuous function f(f) such that £(f; ) <n(8) while
2] = o

In what follows we shall prove some theorems which include all the re-
sults mentioned above as special cases and which also extend certain results
of Hardy and Littlewood concerning the classes Lip; («; ).t

The following facts will be frequently used in the sequel.

() Young-Hausdorff inequalities. Let 1 <p =<2, g(6) ~> - vne®. Then

(Sl s { [Tt bar} s

2T

o ML D PR

2w

* This paper of Hardy and Littlewood contains many important results concerning the class
Lip: («; p); cf. also [4]. It should be observed that the class Lips (a; $) includes the class Lip: (a; p).

1 Results analogous to the theorem above of S. Bernstein were obtained for the convergence of
Fourier integrals by Titchmarsh [15] and by Hille and Tamarkin [8]. Results of the present paper
can also be extended to the cases of Fourier integrals and of almost periodic functions. These exten-
sions will be treated in a subsequent paper. The main results of the present paper were communicated
to the Harvard Mathematical Colloquium on May 23, 1935.

1 By #’, ¢/, - - - we denote quantities which are related to p, g, - - - by 1/p+1/p'=1/g+1/q’

=ee =1



368 OTTO SZASZ [November

It should be observed that Young-Hausdorff inequalities are trivially satisfied
even in the case p=1, if we agree to replace

1 * 1/p’
(Sl [ an)

by supa|va|, sup.|g(r)| respectively, where sup,
the “effective upper bound of |g(r)|” [7, p. 135].
(i) Holder inequality. Assuming ¢>1, we have

© © /gy @ 1/q’
Z|a,b,|§<zla,[c> (Z|b,[q') ,
v=1 y=1 v=1

S 1sosotars ([ sola) ([ s0ra)”,

with the same agreement as in (i) in case ¢=1.
(ili) Minkowski inequalities. If g1,

{fab‘i‘(fjl $(t, r)|df)q} Mg f:d’<ﬁb| " T)qut)uq’
{ f b gdh(x) qu} Y g { fabl ¢'(‘x)lqu}1/q.

(iv) If we put
1 b 1/p
m(f |¢(t)|"dt> = My(¢;0a,b) = M,(¢) = M,, p>0,

g(r)| denotes in this case

then M, is an increasing* function of p and log (M,)?is a convex function of p,
that is
(1.3) (Mp)» = (Mp)»»(Mp,)r%s,  p = pip1+ paps, p1+pe=1,

pr =0, ps=0.
Furthermore, on denoting by M(¢; a, b)=M(¢p)=M the effective upper
bound of |¢| in (a, b) we have

(1.4) lim Mo(¢) = Mao(p) = M(4).

P
Finally if we allow p,— = in (1.3) and observe that then

p2— P ?— h
-1, p2p2 =
P2 — P P2 — P
* By increasing (decreasing) we mean non-decreasing (non-increasing), unless explicitly stated

to the contrary.

p= p2— P — P,
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we have
(1.5) (Mp)? < (M, )" M»—», 0< p1 < p.*

The notation 5(#) will be used to denote a positive decreasing function of ¢
such that (#) | 0 as ¢ | 0. By v will be meant an arbitrary positive constant.
The symbol O(¢(2, v)) will have its usual meaning with the understanding
that O refers to ¢ as a function of ¢, for v fixed, and that O need not hold uni-
formly for all .

2. Auxiliary propositions. In order not to interrupt the subsequent dis-
cussion we shall prove in this section some inequalities which will be of funda-
mental importance in the sequel.

LEmMMA 2.1. Let 04,54, - - - SA,= - - - be any non-decreasing se-
quence of positive numbers, and p>0. Then all statements (for all v)
(2.1,7) Ay = O(ney(v/n))

are equivalent.

It is clear that if ¥ <7,, then (2.1, v) implies (2.1, 7). If ¥ >, let & be
an integer such that v/v; <. On replacing » by &z in (2.1, v) we have

An = Ain = O((kn)rn(y/kn)) = O(non(v1/n)),
so that again (2.1, v) implies (2.1, v,).
LEMMA 2.2. All statements

(2.2, %) 2 n(v/v) < =,
(2.3,7) 2 M(y2™) < =,
(2.4) f n(1/8)dt < =

are equivalent. It is understood that in (2.2, v), (2.3, v), v may assume inde-
pendently any value >0, not necessarily the same in these two formulas.

First assume that v has the same valuein (2.2, v),(2.3,v). Since n(y/%) | 0
asn T « we have

2n
nn(y/2n) < 30 n(y/v) < mn(v/n).
v=n+1
On putting here =2 and summing overA=0, 1, 2, - - - we see at once that

* We refer to [7] to the proofs of (i-iv).
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(2.2, v) is equivalent to (2.3, ). That (2.2, v) is equivalent to (2.4) follows
immediately from the Cauchy integral convergence test. Since however (2.4)
does not depend on vy, we may give v independently any values in (2.2, v)
and in (2.3, v), and all resulting statements will be equivalent.

LeEMMA 2.3. All statements

(2.4,7) ; 72y /n) = O(n(y/n)) as n— =,
@.5,7) > vin(v/s) = Ola(y/m) as n— o,
(2.6) f 2~ p(1/x)dx = O(n(1/w)) as u—

are equivalent, in the same sense as in Lemma 2.2.

Again we first assume v to be the same in (2.4, %) and (2.5, v). The equiva-
lence of these two statements follows then immediately from the inequality

Inv/2m) = 3 vin(v/s) < n(v/m).

y=n+1

Since »v~'9(vy/v) decreases when » increases we may again apply the Cauchy
test, with the result

S v/ < noinly/m) + [ a1/,
y=n nfy
[ amta/man < vrumm(i/) + f n(1/x)dx
u nfy

< vyl tg(1/u) + D v a(v/v),

where, in the second formula, 7= [yx]+1. The first of these formulas shows
that (2.6) implies (2.5, v), and the second that (2.5, ) implies (2.6). Since
(2.6) does not depend on vy, we complete the proof as in Lemma 2.2.

LeMMA 2.4. Let {a.} be any sequence of constants a, =0, and p >0, then the
statements '

2.7 > | sin #t|ra, = O((s)) as t—0
y=1

and
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(2.8) n=? Y, va,+ Y, a = O(n(x/2n)) as n—
y=1 y=n+1

are equivalent.

We first prove that (2.8) implies (2.7). Let (2.8) be satisfied and ¢>0 be
given. Then on taking

n=[r/2t], n=sw/<n+1, t>x/2(n+1),

we have

3| sin wt|ar < t"?:u’a. +3a = 0<n (z(T:-T)» = 0(n(t))-

ya=1 y=n-+2

Conversely, let (2.7) be satisfied and a sufficiently large integer # be given.
Let 6>0 be such that

™ ™

™
2.9 nE—<n4+1, —<H=E—-
(2.9) 2 +1 2(n + 1) 2n

Since 5(#) increases when ¢ increases, an integration of (2.7) over (0, 8) yields
o F
> a l sin vt |rdt = O(59(3)).
puml 0

On the other hand, in view of our choice of §,

5 s
f l sin th"dt > (2V/1r)'f tedt > (v/2)P67t1/(p + 1), v=12---,mn,
0 0

and

& »d x/2

f | sin vt |pdt = v—lf | sin ¢|edt 2 v;/vf (sin #)rdt
0 0 0
S / fr/Z( . t)p Lt 1 2} > é + 1
vs/v sin Cos = = y y=1mn PR
0 vio+1)  we+1) ’ ’

where

206 206 208 v
vi=|—] wm=—<wm+l, Z1>—=—v, pn>—-
1r

™ ™ ™

This gives

il w8)a + 3 0 = O(n(6)),

v=n+1
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which is equivalent to (2.8) in view of (2.9).
LemMA 2.5. Under the assumptions p >0 and

(2.4,v) 212 y/n) = O(n(v/n)) as n— o, 5> 0.

A=1

all the statements

(2.10, v) n‘PZ vea, + Z a, = O(n(y/n)) as n— o,
y=1

y=n+1
(2.11, v) n—ﬂz vea, = O(n(y/n)) as n— o,
y=1
(2.12) > | sinvt|ra, = Om(t)) as t—0
y=1

are equivalent.

To prove that (2.10, ¥) and (2.11, ) are equivalent it suffices to prove
that (2.11, ) implies (2.10, v), the converse being trivial. Put

n
uo =0, u,,=2v"a,,, n=12-.---.
y=1

Then, if (2.11, v) is.satisfied, we have

2n 2n
2 =2 (4 — )

y=n+1 y=n+1
= — Upy(n+ 1) + 2nz_:l u,(v? — (v + 1)7°) + us,(2n)~¢
v=n+1
= OG(v/m) + X 06="1(x/») + Oa(x/2m) = Ola(rv/m).
y=n+1
Consequently,

S 0 = o > (29/m)) = OGata/m),

v=n+1 A=0

by (2.4, v). Thus (2.10, ¥) and (2.11, ) are equivalent. The proof of Lemma
2.5 is now readily completed by using Lemmas 2.1, 2.3, and 2.4.

LEMMA 2.6. Let a(u), b(w) be functions satisfying conditions
(2.13) 0<y=aw=1l, 0<y=bw=1, (1) =0(1)=1,

neither of them being identically equal to 1. Then the following statements are
equivalent:
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(2.14) fl “n(1/5)dx = O(un(1/u)) as u— e,

(2.15) n(1/1) = n(1)a(u)u—" exp { fl ua(t)t—ldt},
2.16) fl " on(1/2)%dx = O(utn(1/w)?) as u—
2.17) n(1/4) = n(1)b(w)u~" exp { fl ub2(t)t—‘dt}.

We first prove the equivalenceof (2.14) and (2.15). Onputting ¢(x) =7(1/x)
for x=1 and ¢(x) =¢(1) for 0<x <1, we see that ¢(x) | 0 as x T . Now if
(2.14) is satisfied, we have

ww = [ “o@dr < viuew),

where necessarily 0 <y <1. Put
ugp(u)
#1(u)
Clearly a(u) satisfies (2.13) while
¢ () = a®) , o1(u) = ¢1(1) exp {f a(t)t“dt} .
é1(%) u 1

On substituting this expression of ¢,(#) into ¢(%) = a(w)u'¢:(%) we get (2.15).
Thus (2.14) implies (2.15). The converse is readily proved by an easy com-
putation by using (2.13). To prove the equivalence of (2.16) and (2.17) we
apply an analogous argument starting from the inequalities

a(u) =

, ¢mo=j:awn, a1(1) = (1) = n(1).

u

g s [ w@in s @n g

(implied by (2.16)) and putting presently
u2¢2(u) f v .
, = dx,
20u() é2(u) . xp*(x)dx
és (u) = ugp*(u), 20%(u)pa(u) = usy (u),

o7 (1) = up?(u) = $2(1)b2(u)u=! exp {Zqubz(x)x“dx} .

b¥(u) =
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To complete the proof of our lemma it remains to show that (2.14) is
equivalent to (2.16). On assuming (2.14) to be satisfied we have (2.15),
whence

fl“x'fl(l/x)?dx < "7(1)21‘1“11(96)::5—1 exp {2flza(t)t'1dt}dx

= (w2 [ exp {2 [ “atoriar} | = otwmaa/y,
1
which is (2.16). Conversely on assuming (2.16) we have (2.17) so that

2(1/u) > n(1)b2(w)u~! exp {f“b%x)x'ldx} = n(1/4),

2(1/u) < p(1)y~1b2(u)u! exp {fubz(x)x‘ldx} = v~ (1/u).

The function 7:(1/%) clearly is of the type (2.15), hence satisfies (2.14), so
that

f1 “(1/2)dzs < 41 f1 “m(1/2)dz = O(uny(1/w)) = O(un(1/u)).

The proof of Lemma 2.6 is now complete.

REMARK 2.1. Condition (2.14) of Lemma 2.6 is satisfied if, for a positive
a<l, n(t)t-=| when t1. By Lemma 2.6, conditions (2.15), (2.16), (2.17) will
be also satisfied in this case.

Indeed our assumption implies that n(1/x)x= T when x T, whence
f 7(1/x)dx = u“n(l/u)f xedx = O(un(1/u’).
1 1

REMARK 2.2. If in (2.15)

(2.18) 0<vy<aw)Ssm<1l, u>I1,
then
(2.19) f 2 9(1/x)dx < «
1
and

L)

(2.20) frl‘r"n(r)dr = 0(n(%) as t— 0.
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Conditions (2.19), (2.20) are also satisfied if for some positive a <1, n(H)é—=]
when t ] 0.

Indeed if (2.18) is satisfied then

7(1/u) = O(u“ exp {'nflut"ldt}) = O(ur1) as u— o,

so that (2.19) holds. Again using the same notation as in the proof of Lemma
2.6 and assuming for simplicity 7(1) =1 we have

_I—Fflx"%l(x)dx

t-l) +f n(/)—

[ wmt1/2ix = i)
1

Hence

- 1 A .
f‘_‘x 7(1/%) (@ — 1> dx = pr= = 0(y(#)) as t—0.

Since, however,

—1Zy1=1>0
a(x) " ’

we also have
[ a/miz = 06w

which is (2.20). The last two statements of Remark 2.2 are readily proved
if we observe that 7(1/x)x=| as xT implies (2.19) immediately while (2.20)
follows then from

fwx—ln(l/x)dx < t~oqn(p) fwx“"ldx = O(n()) as t— 0.
1 )
3. Mean moduli of continuity. For any function f(6) we shall use the no-
tation
Aof(65 1) = f(6),
Af(0;0) = f6+ 8 — f(6 — 1),
Asf(0; ) = AiALf(0; 8) = f(6 + 2¢) + f(6 — 25) — 2f(6),
B Anf0; 1) = MbmafO3) = 3 (= 1Cmaf(6 + (m — 20,

= m=123,--
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If f()eL?, p >0 we define the expression
3.2) wp™(f;8) = sup M,(Anf(6;8); — =, 7)

0St=<$

as the mean modulus of continuity of order m of f(f) in L». We shall also
write w,(8) or w, instead of w,"™(f; §) if no confusion results. In view of §1,
(iv), w, is an increasing function of p. It is clear that w,(8) is also an increasing
function of 8. Moreover it is well known that M,(A.f(6; £))—0 as t—0 (“con-
tinuity in L?” of a function of L?). The same is true then of M,(A.f(8; £)) so
that w,(f; 6) | 0 as 6 | 0. We also note that when f(6) is continuous

(3.3 lim w,® (f; 8) = w P (f; 6) = &(f; 20)

p—ro

(cf. §1, (1.2)). Furthermore if
(6) ~ Z ce?,

then -
(3.4) Amf(o; t) ~ Z c,(eil'l — —ivt) meivd
With this notation we prove
LemmMA 3.1, If p=21,* then
(3.5) 27| co| < ™ (x/20) £ W™ (x/20), n=0,1,2,---.
We have
(=)

Cn = ij._:f(o)e—iﬂodo = f_:f(ﬂ + (m — 2y)7r/2n)e—in0(_ 1)7dg,

2w
whence, by (3.1),

1 [
2m| ¢, | < P f | Amf(8; 7/21) | d8 < 1™ (x/2n) £ w ™ (x/2n).
TY _x
THEOREM 3.1. Let f(6)eL?, 1<p<2, k>0, and

(3.6, #) 20w (™ (x/2m))* < oot

n=1

* For the case m=1, cf. [19, p. 18].
t When p=1 we write

(3.6, 1) 3 (@™ () 2n))E < 0.

The same remark refers to analogous situations in the sequel, without being stated explicity.
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Under these conditions

°0

ZI Cn I" < o,

n=0
For p =1 the theorem follows directly from (3.5). Now assume p >1. If k. =p’,
the statement of the theorem is an immediate consequence of the Young-
Hausdorff inequality, without using assumption (3.6, ). Hence the same will
be true when & >p’. Finally, let 0 <k <p’. The Young-Hausdorff inequality,
being applied to (3.4), gives

p’

o o
27" 3 | sin vt | ™2 | ¢, |#" = 2m2'+1 37| sin vt ™2’ | ¢,

V=—00 y=1

M (Anf(0; 1)?" < w™(f; t)?".

I\

Hence, by Lemma 2.4,

'+ 2 ol = O™ (x/2m)7")

v=n+1

3.7 n""”'iv"‘”'h,
=1

and, a fortiori,

(3.8) n—mp'i: v | 6|7 = Oen™ (m/20)?").

On replacing # by 2z we have

2n
(3.9) > lal? = 0w ™ (r/4n)").
v=n+1
Now, by the Hélder inequality,
2n 2n 1/q’
Z|6v|"§n"“<z |c.|"“') , g>1.
v=n+1 y=n41
If we choose here
kg = p', g=7p"/(p' — k)
and combine with (3.9), we get
2n ) 2n
2 | o] = 042w, m (x/4n)¥) = 0( 2, v r/2) ")'
v=n+1 v=n+1

To complete the proof of Theorem 3.1 it remains to put n=2» A=0,1, - - -
and take summation over A. In view of (3.6, p) this yields
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2|c,|k=o(
=2

REMARK 3.1. From Lemma 2.2 we conclude that assumption (3.6, p) of
Theorem 3.1 can be replaced by any one of the equivalent assumptions

0

v"‘“"w,,‘”"(w/Zv)") <.

y=2

(3.6, 9, 7) 2 nHP e m (y/n)k < oo,
n=l
(3.10, p) 3 Akl () (2N E < oo,
A=0
(3.11, ) f k' (M (1/%)kdx < oo .
1

REMARK 3.2. Note that a result of the preceding discussion is that any one
of the conditions of Remark 3.1 imply (3.8).

The following theorem is a generalization of Theorem 3.1.

THEOREM 3.2. Let
12952, 0<p1=p=ps, p=pmpr+psps, pp+p2=1 020, po20.
If f(6)eL? and if

(3.12) 20 ¥ [wp (M (y/m)pii, (™ (v /m)mm] Hle < oo 0<Ek=yp,

n=1
then .
2|t <o,
n=0

By the convexity property

PS P1P1 P3P
Wp = Wp, Wp, ,

and our theorem follows immediately from Theorem 3.1. In the case where
wp, (™ (8) <K%, w,,™(8) <K 8%, 0y >0, >0, [6, p. 252] condition (3.12) is
satisfied whenever

1
aipip + agpepe > 1 + (7 - l)p, k= p'.
With the notation p1=p, ps=1—p, 0=<p =1, p=pp1+(1—p)p: we get
-

1
(3.13)  appr + ax(1 — p)p2 > 1+ ( 1)?, E=yp'.
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In particular, for k=1,
paipr + (1 — plasps > 1.

This condition for the case m =1 was given in a slightly different form by
Hardy and Littlewood [6, p. 252]. For p=2, <2< p,, this condition re-
duces to

(p2 — 2)aups + p1 > p2 — (2 — pr)azps.
Similarly, (3.13) reduces to

1
(P2 — Daspr + p1 > p2 — (2 — pr)azps + 2 (? - 1) (p2 — p1).

If ayp1 =1 this becomes
k> 2(p2 — p0)/{2p2 + (2 — pr)eape — p1 — 2},
which is less than 1 if app. > 1.
In the special case ay = p, =1 we obtain the condition
k> 2(ps = 1)/{(2 + an)ps — 3}.

Note that the class Lip; (1, 1) coincides with the class of functions of bounded
variation [4, p. 599; 5, p. 619]. If, in addition, f(6) eLip (az), p2 can be taken
arbitrarily large, and so, on allowing p.— =, we get

E>2/2+ as).

This result, in the case m =1, is due to Waraszkiewicz [16], while Zygmund
[18, pp. 591-598; 19, p. 138] gave an example of divergence of 3 |p.|* for
k=2/(24az). To summarize we state the

COROLLARY 3.1. Assume that p1<2=p, and that
1 x 1/p
Lipn (a; p) {2_f | Anf(0;2) Ivda} < Kt, >0,
T _x
for a=ay, p=p1 and a=as, p=ps. The series D q |cal ¥ converges provided k

satisfies (3.13).

The basic inequality in the proof of Theorem 3.1 was (3.8). A partial
converse is represented by the

THEOREM 3.3. Let 1 <p<2. Let 9(), in addition to the general assumption
() [ 0ast] O, be suck that

(3.14) > <1 2‘*>p= O(n(w/n)P) as n— o,

A=1 n
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If the Fourier coefficients of f(0) satisfy the condition

(3.15) Z vm? | ¢, |2 = O(nmey(w/n)?)

v=1

then
(m)

wpr (f; 8) = O(n()) as t— 0.
For a given {<w we have by the Young-Hausdorff inequality
M, (Anf(6; )7 < 2¢m 3 | sin wt|m?| ¢, |?

V=—00

n L)
2""‘*’1{ > | sin vt|m?| |2 + 3 c,l"}
y=1 y=n+1

IIA

(cf. 1, (1)), where
n=[r/t]+1>1, w/n <t=x/(n—1).

Let Si(#), S2(f) denote the first and the second term in { }, respectively.
Then, by (3.15),

510) S 7 3577 | 6] = Olate/m)?) = 0(a()).

Furthermore, if we replace # by 2% in (3.15) we readily find

2n

>

v=n+1

Cy Ip = O(n(x/n)?),

whence, by (3.14),

© ® . »
5:0 = Xl =0( L (£22)) = 0tata/me) = 069,
Thus
M, (Anf(6; ) = O((?)),
which finally implies

wpe (f; ) = OG(®).-
REMARK 3.3. From Lemmas 2.3 and 2.1 we conclude that assumption (3.14)
of Theorem 3.3 can be replaced by any one of the equivalent assumptions (y >0)

)

(3.14, v) 2 n(2My/n)? = O(y(v/n)?) as n— = .

A=1
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(3.16,7) > v ig(y/v)? = O(n(v/n)?) as n— o,

3.17) fwx“n(l/x)i’dx = 0(n(1/4)?) as u— =,

and the assumption (3.15) by the equivalent assumption

n

(3.15,v) > v"'"| c.,|” = O(nmry(vy/n)?), v > 0 arbitrary.

v=1

In the special case (f) = K= log (1/£)8, 0<t<1, (3.14, v) with ¥y =1 be-
comes

> n—22-a(log n + \ log 2)f = O(n—*(log n)f)

A=1

which is satisfied whenever a >0, B arbitrary. In the case a=1/p, p>1, =0,
m =1 this reduces to a theorem of Hardy and Littlewood [5, p. 620].
If p=p’ =2, the preceding discussion yields

THEOREM 3.4. Let (%), in addition to the property n(t) | 0 as ¢ | 0, be such
that

0

3.18) Z-n(Z‘* %) = Ola(y/ny?) as n— o.

A=1
Then condition

(3.19) w™(f; £) = O(n(t)) as t— 0

is necessary and sufficient in order that
(3.20) >vtm| 6|2 = O(n2my(y'/m)?) as n— 0, v’ > 0.
r=1
4. Conjugate series.* The series

#.1) > (a, sin #9 — b, cos n)

n=1
is called the conjugate of
ao/2 + D (an cos 16 + b, sin nf).
n=1

* We refer to Zygmund [19] for various facts we use here of the theory of conjugate series and
conjugate functions.
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If the latter is the Fourier series of a function f(6)eL?, p>1, then (4.1) is
also the Fourier series of a function f(8)eL?, which is defined almost every-
where as the Cauchy principal of the integral

-~

1 L3
4.2 1o = — Zf f@) cot 3(¢t — 6)ds.

THEOREM 4.1. If p>1and
™ (f; £) = O(n(?)) as t— 0,
then also
w ™ (f; 1) = O(n(2)).

The formulas

”(o——lf'(o+> t¢/2d
f)— 'Z_;_rf ¢CO¢ ¢’

- 1 *
AuJO3 ) = = 5= [ ans@+ ;0 coto/226

show that A,f(0; £) is conjugate to Anf(8; £). Hence by a theorem of M. Riesz
[19], if 4, denotes a constant depending only on 2,

M, (Anf(0; 9)) = A,M (Anf(8; 8)) = O(n(®)).
This implies
w ™ (f; £) = 0(n(®)).

5. Inequalities for power series and polynomials. In the present section
we state and prove some inequalities associated with power series and poly-
nomials, which will be useful in constructing various “Gegenbeispiele” in sub-
sequent sections.

Let

L
F(z) = Y caz™, z = re',
n=0

be a power series convergent for 0 <7 <1. We write

4

1 x 1/
M,F;r) = (E—f |F(re“) |Pd0> , p>0.
T —x

It is well known that M,(F; ) is an increasing function of » and that



1937] FOURIER SERIES 383

lim M,(F;r) = M (F;r) = M(F;r) = max IF(z) ]
P

lal<r

LeMMA 5.1. Let x(8) be a positive function,
(.1 x(#/2) = O(x(®)) as t—0,
and F(z) such that
(5.2) M,F;r) =01 —nNFx(1—1r) asr—1, =20, p=1.
Then
(5.3) MyF;r) = O((1 — r)y=s-trttiay(1 — 7)), p<gs ».

We first prove our lemma in the case ¢ = «, when it reduces to
(5.4) M(F;r) = 0((1 — n=*trx(1 —1).

We have
1 F(o)d
F(z) = F(re¥®) = — © § § = pe,
2rd 151 § — 3
_ 147 1 _ _ 1—7
p = 2 ) p=p r = 2 ’
whence
F
|F@)| < — f L.(ff,))l S M O = ).

Combining this with (5.2) for p =1 we see that
MF; ) =01 - nN*'x(1 — 1)),
which proves (5.4) in case p=1. If p>1, we have by the Holder inequality

1 L4 1/p’
M(F; f) = MP(F, p){z—f Ipeir_'l—p»d‘r}
T _x

= M,(F; p)O{ j;w[(p -2+ 12]“’"%} "

= M,(F; O((L — N719) = O((1 = Ny#-tiax(1 = 7).

The result in the case p <¢ < « is now readily obtained from the convexity
property combined with (5.4). Indeed, by (1.5),

qu =< Mpqu-p = 0((1 — r)"”x(l — ,)p)O((l — r)—(q—p)(ﬂ+1/p)x(1 — f)q—p)
= 0((1 - f)—ﬂQ'H-—q/Px(]_ —_ r)q).

In the remaining lemmas of this section we shall use the following notation.



384 OTTO SZASZ [November

Let
(5.5) F@z) = 2 o2

converge for r<1. Let
0 = 0,(3) = 0,(F; 2) = n—l{nco +(n—Deaz+ -+ c,._lz"—l}

be the arithmetic mean of the # first partial sums of the series (5.5). Let
Q(#) be a non-negative and convex function of % =0, 2(0) =0, so that Q(«)
is increasing. It is well known [19, pp. 83-84] that

(5.6) mife(] oa])] = Milo(| F) )]
In particular
(5.7) My(0n(a) S M,(FG), p21.*
We shall use these facts to prove
LemMma 5.2. If a polynomial

P,(z) =co+ ciz+ - - - + caz®, z = ¢¥

satisfies the inequality

(5.8) Mio(] P.@)|)] =1
then its derivative P, (z) satisfies
(5.9) Mo | PIG)|)] =1

On writing
PX(2) = o+ Ccn1z + - - -+ coz® = 37P,(3), Z= ¢
we have
non(P¥;2) = nco + (. — V)carz + - - - + 1371 = 27~ 1P} (3),
whence, by (5.6),

1 pr 1 -
:);f_,ﬂ[n—‘l P} (z)l ldo = —-f Q[| . (P¥; z)| ]de
< —f all 2| Jao = — [ "al| 20| Jo

* Cf. [9, p. 333].

 Lemma 5.2 is a special case of a theorem of Zygmund [17, p. 394] which states the same re-
sult for any trigonometric polynomial instead of a polynomial in ¢%. We give a separate proof because
of its simplicity.
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which is the desired result.
CoroLraArY 5.1. If

(5.10) M,(P,;r) =1, 0sr=|z| =1, p=1,
then
(5.11) M,(P,;r) £ n.

For =1 this is a special case of Lemma 5.2, corresponding to Q(u) =u?.
Since M,(P,; r), M,(P. ; r) are increasing functions of 7, the result follows
for any r <1. The limiting case of Corollary 5.1, as p— = is the classical theo-
rem of M. Riesz [11]: If | P.(3)| <1, |3| <1, then | P)(2)| <n. The proof
above can be readily modified to yield this result also [13].

COROLLARY 5.2. Let f =peit, 0<p=<1,0<t=w/2 and

_ P,(z) — Pn(z-f)
26 — §)

If (5.10) is satisfied, then

Q(2) z = re, 0<r=1.
(5.12) M,Q; 7) < mt/sint < %n s 1.
We have
_ ¢ t
P, (zt) — P.(z¢) = zf_ P, (zu)du = ipz f P,/ (zpeir)ei"dr,
¢ —t
so that
1 ¢ o t
0@z = — f P, (zpein)eirdr = —— I(3),
2sintd _, sin ¢
where
1 t
I(z) = — f P,/ (zpei")ei"dr.
2t J _,
By the Minkowski inequality

1 x 1/p 1 t 1 rI | 1/p
— I(z) |»do = — d [— f P,/ (zpe'r "dﬁ] ,
(21r »f_,| @ ‘ ) 2t J_; T 2w J (ape™)

whence

4 t T
M,Q;r)E—M,(P);rp) £E——n = —n.
sin ¢ sin ¢ 2
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6. Converse theorems. In the present section we shall prove that various
results of §3 are the “best possible,” in a certain sense. We first prove a lemma
which will be needed in the sequel.

LemMA 6.1. If 0,>0,3,>0, 0, | Oas v T », and 3, q.B8,= », then

n
2 (@ — any1)B,— © as n— .
v=0
For a given positive integer m we can choose # so large that am>2as41.
Then a,—apy1>3a,, v=0,1,- - -, m, and

m

n m 1
E (av - an+l)ﬂv > Z (av - a»+l)ﬁv > — Zayﬂy—) o as m — o,

v=0 =0 2 »=0
Now to show that the result of Theorem 3.1 in the case £ =1 is “the best pos-
sible” we shall prove the following:

THEOREM 6.1. Let y(t), in addition to the property n(£) | 0 as ¢t | 0, be such
that

(6.1) fun(l/x)dx = O(un(1/w)) as u— o,
1
while
(6.2) in‘llp'n(l/n) = o, 1=p=2
u=1

Then there exists a function f(6) eL? such that

@™ (f; 8) <n(8) but oo |ca] =co.

We introduce a sequence of polynomials

2" 2
(6.3) gn(2) = 2‘”‘1‘”/1")( > z') , n=12---,

v=0

a sequence of numbers e,=7(2-") and a sequence of positive integers {\.}
such that '

(6.4) N=0, Na=2"dn—2, Npu>Mh+2, #l=01,--

Construct the power series

(6.5) G(z) = Zl (e — e,,+1)g,,(z)z"' = Z 7%

=0
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We shall establish the following properties of G(z).

() ¥2>0,72=0,1,2, -+ and D, g¥n=®.

(ii) G(z) converges for |z| <1, and as r—1, G(re%) converges for almost
all 0 to a limit function

G(e*) = g(0)eL?,  g() ~ 2 vne™.
n=0
(iil) wp,®(g; 8) =0(n(d)) as 6—0.
These properties clearly imply the truth of Theorem 6.1 if one observes
that w,™(g; 8) =0(w,V(g; 8)) as 6—0. The fact that v, >0 follows immedi-
ately from the positiveness of the coefficients of g.(z). Furthermore

E Yy > Z (Gr - €y+1)(1 +24+34---4+ 2»)2—,(1+1/p')
y=0

v=0

1 L
> — X (60 = )2,

y=0

But
n n n
(6.6) Z (6; had €y+1)2'(1_1/p') = Z evﬁr - €”+12n(1—1/p’) = E (Gy - €n+1)Bv,
=1 y=1 y=1
where
ﬁl = 21—1/p’, B' —_ 2r(1—1/p') — 2(r—1)(l—llp’)’ y = 2’ 3’ e, n,
and

zn:ﬁ' = 2n(1—1/p")

p=l
By Lemma 2.2, (6.2) is equivalent to the divergence of the series
S o 1627A-12) 5o that the series

L)

S e, = (1 — 2-1H+1s") 3" 200-1p") = oo,
y=2 p=2
By Lemma 6.1, »_, (e, — €411)8,— © as n—s o, whence Y ,_s¥n= % ,and prop-
erty (i) is proved.

To prove (ii) denote by #.(z) the general term of the sum (6.5) defining
G(2),

n(2) = (en — €n+l)gn(z)z)"‘-

We have
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on »
Z et

2p i/p
)
v=0

sin (2 4 1)9/2 |27 )“P
— | db
sin 6/2

sin (2» 4 1)0/2 |27 \1/»
(2~ 4+ 1)6/ de)

2p Up /1 4 2m\2-lp
, 2
Hence

(6.7 My (u,(2)) S Mp(un(e®)) < Aen — €ny1), z = re¥,

© 2p 1/p © sinx 4 1/2
P R
0 0 X

| 4a(3) | < Blen — €ns1)(1 — 1)71/7,

where B is a constant which does not depend on # and the series defining
G(z) converges in |z| <1. Moreover, by the Minkowski inequality,

1 x
M, (u,(e%)) = (€n — €ny1)2~7(HLP" <_f
2rJ _,

1 L3
= (en — en+1)2—"<1+1/1"><—f
T Jo

< (en — €n+1)2‘”(1+””')7rz_1“’(f
0

L3

sin x

©
< (en — en+1)2""(1+”"')1rz(f
0

x

where

sin x

x

Thus

M,(6(2) S X Mp(un(2) S Aer.
n=1
This ensures the properties of G(z) stated in (ii) (cf. F. Riesz [10]).
We now pass on to estimating M,(A,G(z; ¢)). On putting {=e* we have
forr<1,

L

AG(z; 1) = G(rei®+D) — G(rei®—v) = > {u,,(zg‘) — u,(zf)} = 0.2 A, .

y=1 r=1
Hence
(6.8) M, (AG(z; ) £ 2 My(Am) = 25 4+ 3 = S1+ S
r=1 y=1 y=n+1
From (6.7) we get immediately
Ss < 24eny.

The general term of S; can be estimated by means of Corollary 5.2 and (6.7),
with the result
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S1 < 248 Y (2 + M) (e — e41) < 1042 2(e, — €41)

r=1 v=1

IIA

n on
1042 3" (271 — 2)¢, < 204t f 2(1/%)dx = O(2m(2-"))
r=1 1

by (6.1). Now assume 0<#<1. If we choose # so that 2*1<{1<2" n2>1,
then

S1=0@@®), S:=0Mm(®),
whence
wV (g; 8) = O(»(9)),

and the proof of Theorem 6.1 is complete.
In the case p=2 it is possible to extend the result of Theorem 6.1 to hold
for any £>0 as is shown by

THEOREM 6.2. Let n(), in addition to the property n(t) | 0 as ¢t | O be such
that

(6.9) f an(1/x)2dx = O(u?n(1/u)?) as u— =,
1
while, for a given k, 0<k<2,

(6.10) i‘, kg (1/n)k = o

n=1

Then there exists a function f(6)eL? such that
@™ (f; 8) <n(8) but D mep|ca] ¥=o0.

The proof in many respects is similar to that of Theorem 6.1, so that we
shall discuss in detail only the points where these two proofs differ from each
other. We introduce the same sequence of polynomials g.(z) with p’ replaced
by 2,

2n 2
gn(Z)=2"3”'2(EZ', n=172"",

v=0

and changing slightly the notation of Theorem 6.1, construct the power series

L

(6.11) Gi) = 2 ag(®)?” = D2 w2,  a = (& — erp)llk,

r=1 v=0

which reduces to the power series G(z) of Theorem 6.1 for k=1. We shall
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establish the same properties (ii), (iii) which were proved for the G(z) of
Theorem 6.1, with p replaced by 2 and the property

(I)k) Y2 > 0, E'Y1£¢=°°,

n=0

instead of (i). As in the case of Theorem 6.1, Theorem 6.2 will follow from
these properties.
To prove (I, k) we note again that v,>0,#=0,1, 2, - - - , while

SoaE > a1 4284 3k 4 - o 4 2E)2-WRIZ > (R + 1)1 ok 2ra-kin),
v=0 y=1 y=1

Property (I, k) will be proved if we show that
(6.12) Dk = 37 (ef — ey)270FD = w0,
py=1 y=1

Since a} =ef —e€b,; this can be done in the same manner as in the proof
of Theorem 6.1, if we replace there n by #*, € by e¥, p’ by 2, and B, by
2»0-k2 — 2=b -k for y>1, and by 2!-*2 for y=1.
To prove property (ii), with p replaced by 2, we put
Un(3) = angn(2)z™
and prove, in the same manner as in the proof of Theorem 6.1, that
(6.13) Ma(ua(2))? < A2.2.
Since
6.14) al = (ef — ef )% = (ef — ekpr)(ef — efyn)?/*!
< (G,{‘ - ef{‘+1)en —k < €n2 - 6,,,2.‘_1,

we have D, ,a? < », and the remaining argument will be the same as in
Theorem 6.1.
Finally, to prove property (iii) we now have

MGG D)) = 5 M2 (M) = 3 + 3 =5 + 5.

y=1 p=n+1

In view of (6.13) and (6.14) we have
So® = 0(€n2+1)7
while

S = ,20( > (2 — e.?+1)22'> = t20( der(2r — 22v-2)>
y=1

=1
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n 2n
= t’O( > 22 (2r — 2'—1)) = t’O(f xn(l/x)zdx).
y=1 1
On assuming 0<#¢<1/2 and choosing # so that
M g2,

we now have, in view of (6.9),

s =o(s [
1

S = 0(n(5)?),
from which property (iii) is readily obtained.

REMARK 6.1. I'n view of Lemma 2.6 the conditions (6.1) of Theorem 6.1 and
(6.9) of Theorem 6.2 are equivalent.

t-—l

xn(l/x)zdx) — 061,

In the case 0 <%2 =1 the result of Theorem 6.2 can be improved as shows
the following:

THEOREM 6.3. If conditions of Theorem 6.2 are satisfied with 0 <k =1, then
there exists a continuous function f(8) such that £(f; 8) <n(8) but Y ,—q|cy|*= .
The same result holds even when 1 <k <2, provided we make additional assump-
tions

1

(6.15) jl x~p(1/%)dx =f Ip(r)dr < «

0

and
(6.16) f_lx"ln(l/x)dx = ft'r‘ln(v-)dr = O(1(t)) as t— 0.

The proof is based on a result of one of our earlier papers [12]. We in-
troduce a sequence of primes {g,}, ¢,=1 (mod 4) and such that for » suffi-
ciently large, » >, say, each interval (271, 2”) would contain just one ¢,. We
set

(6.17) n'=ql+q2+...+q,
and observe that
(6.18) n, = 0(2") =0(g,) as v — .

For each ¢,=¢ we put

@ —3/2 T .
o =12 (q—J)(Y), i=41,2---,9-1,
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where (j/¢) is the Legendre symbol, and consider the polynomial

(q) () (q) g—2 (9) q (g) 2(¢—1)

g8(2) =31+ a2+ - +a1z +arz +- - +a,3 )-
It is known (cf. [12]) that
| 2@

IA

1 for |z|=1.
Finally, let

u(2) = g P22 T (2),

a, = (e — ek q)1/*20/2] & = 1(27).
Note that for 0<%k =<1,

(eF — ek ))V* = (efF — ebp)(ef — b))V 1 £ (¢f — eb)e! ™ = 6 — 641,

(6.19)

and for 1<k <2,

(f — eV < ¢

Thus
a, = 26, — &41), 0<k=1,
a < 2%, 1<k<2,
whence
. z”: 27(e, — €41) = i (241 — 2%)e, < Zfznn(l/x)dx,
6.200 Y220, < { = o<k,

y=1

n n 2n
32, = D (2 — 2)e, < 2f n(1/x)dx, 1 < k < 2.
1

=1 y=1

Similarly, for 0<k =<1,

(6.21) D271, £ ) (6 — €41) = €nt1,
y=n+1

y=n+1

while for 1<k <2,

(6.22) D27, £ D 6=22, (2r — 2712, < 2 f x~n(1/x)dx.

v=n+1 y=n+1 y=n+1 2

Since 1/g, <2+ for » >»,, these formulas show that under assumptions of
our theorem,

(6.23) Sagtt< o, 0<k<2.

r=1
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On the other hand for all k2, 0 <k <2 we have by (6.19), (6.20)

] 1 0
(6.24) 2 akglh > rY 3 (e — ebyr)270-HD = o,

v=1 v=1

Now construct the power series

(6.25) G@z) = D ua(a) = 2 1.2
n=1 r=1

Since

(6.26) | un(3) | £ angiti2,

formula (6.23) shows that G(z) converges uniformly in |z| <1, hence is con-
tinuous in the closed unit circle, so that g(f) =G(e*) is continuous. On the
other hand v, are the Fourier coefficients of G(f) and we have

S|t > X akgrt (1 + 28 4 3k 4+ - -« 4 (g, — 1)¥)
y=1

y=1
> (k+ 1)—lzalcq’—2k(qy — 1)+ > 2-k—1(k 4 1)—12 akgl k= o,
v=1 i=1

To complete the proof of Theorem 6.3 it remains to estimate the modulus
of continuity £(g; 6) of g(6). We have to estimate

86+ = 80)| = T|u(e) — (et | = =+ T =50 +50.

y=1 y=1 y=n+1

In view of (6.26), (6.21), and (6.22) we see at once that

© ©
So® <2 ) agl? = 0( > a,2_"/2>,
v=n+1 y=n+1

whence
S5O = Ofenss) = O@(@™) i 0< k<1,

S = 0( f wx—ln(l/x)dx) =0((2), if 1<k<2.
2n

To estimate S, we use Corollary 5.2, (6.26), and (6.20) with the result

n on
S0 = ;0( Za,Z"”) = to(f n(l/x)dx), 0<k<2.
1

v=1

Now assume 0<#<1 and choose # so that 2*~1<1/¢<2". Using (6.1) which
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is equivalent to assumption (6.9) of Theorem 6.2, and thus must be satisfied
also in the case of Theorem 6.3, we have

Sl(o) = O(W(t)), S2(0) = 0(’7(’)) as t— 0,
and finally
E(g; 1) = On(®).

On multiplying g(6) by a suitable constant factor we shall obtain a function
f(8) the existence of which is asserted in Theorem 6.3.

As an illustration of the preceding theory consider the function 7(f) =
t=(log 1/£)8, 0<a =1, B arbitrary real. Since

d
= (@) = o7 (log 1/08~{ (a — p) log (1/8) — B},

n()t* | 0ast]0if 0<p<a, and by remarks 2.1 and 2.2, 5(¢) satisfies con-
ditions (6.1), (6.15), and (6.16). Now

3 nt(1/n)t = 3 wokiak(log mft < oo

n=2 n=2

if either 2>2/(2a+1) and B arbitrary, or k=2/(2a+1) and B<—1/k
= —(2a+1)/2. In this case, according to Theorem 3.1, condition w,™(f; 8)
=0(n(8)) implies Y n|ca|* < .

If however 3= —1/k= —(2a+1)/2, then the power series (6.25) for z=e¢*
represents a continuous function g(f) for which

£(g; 8) = O(3~ log (1/6)~>"%/%) as § — 0,
but
Z | Ym |2/(2a+1) = o,
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